Contact mechanics of rough surfaces is becoming increasingly important in understanding the real behaviours of machine elements in contact. Due to the complicated physical, chemical and mechanical phenomena occurring at surfaces especially in boundary lubrication, a multiphysics numerical model is essential to capture the behaviour. Boundary Element Method is a wellknown numerical approach to model such a problem because of several advantages. Firstly it is far faster than Finite Element Method since only the boundaries of the solids are discretised.
Introduction
Contact mechanics which explains the behaviour of materials in contact is of great importance since it occurs almost in all mechanical machine elements. In computational mechanics, Finite Element Method is a widely used approach to solve the contact problem. Robust formulations for contact and deformation of the solids are big advantages of FEM. Since the contact of solids is multiscale in nature, a multiscale computational analysis of the contact problem is essential. Boundary Element Method is also widely used for simulating the contact mechanics problem due to its efficiency. Sfantos et al. (7) (8) (9) developed boundary element simulations to calculate wear in sliding wear conditions. They reported that BEM is an efficient method for contact calculation of surfaces. They also used BEM for simulating the three dimensional sliding wear and validated the model with an artificial hip joint wear simulator.
Ilincic et al. (10) (11) (12) used the boundary element method and also a combined boundary-finite element method to simulate wear in tribometers using localized Archard's wear. They predicted the shape of the wear track of a flat surface in a reciprocating pin on disc tribometer using 
Components of the model

Rough surface generation
To study the contact of rough surfaces deterministically, digitized surfaces should be used as inputs into the model. There are two different ways of digitizing surfaces. The first way is to use surface microscopes such as Atomic Force Microscope (AFM) which can give a 3D digitized map of the surface topography. Alternatively, surfaces can be generated using mathematical methods. The method used to generate surfaces is introduced by Hu et al. (20) .
For generation of 3 dimensional rough surfaces, a specific autocorrelation factor and also height distribution should be defined. Two dimensional Digital filters are used for generating the 3 dimensional surfaces. By using random number generators it is possible to generate the filter inputs as Gaussian independent random numbers. The output would be obtained through the filtering operation and will give the sequence with certain autocorrelation function. It is mathematically proved that if the input numbers are Gaussian random numbers, the distribution will remain Gaussian after the filtering. The filtering coefficient for generating the rough surfaces is plotted in Figure 1 . An example of 3D digitized rough surface is shown in Figure 2 . This method enables varying surface roughness for studying the effect of roughness on contact of surfaces. As discussed before, surface roughness is very important in contact of surfaces in different scales, therefore this generation method gives the flexibility to generate different desired surfaces and investigating the surface effects in boundary lubrication.
Contact of rough surfaces
There have been many attempts at simulating the contact of rough surfaces in contact mechanics (6, (10) (11) (12) (21) (22) (23) (24) (25) (26) (27) (28) (29) (30) . The contact mechanics model developed by Tian and Bhushan (31) which considers the complementary potential energy will be used in this work. By applying the Boussinesq method (32) and relating the contact pressures to surface deformations, the problem would be to solve the contact mechanics only for finding contact pressures at each node and then the related contact deformations can be calculated. For this model, surfaces should be discretised into small nodes and it is assumed that the nodes are small enough and the contact pressure is constant at each node.
The problem is to minimize the complementary potential energy as follows:
where is the contact pressure and , and are complementary potential energy, surface deformation and prescribed displacement respectively.
The Boussinesq solution for relating contact pressure and surface deformation usually considers only normal forces and the solution is:
in which is the composite elastic modulus of two surfaces. ( and are two different surface points. It shows the relationship for the deformation of a the surface on point ( when the load is applied on the point .
Equation 4
Equation 5 Here, , , and are the Poisson's ratio and Elastic Modulus of surfaces 1 and 2
respectively.
For solving the double integrals of Equation 3 the surfaces should be discretised into small nodes. The nodes should be small enough to assume that pressure is constant at each node. It should be noted that only boundary of solids (surfaces) are meshed in this method which can help the numerical efficiency.
An example of the surface discretization is shown in Figure 3 . are assumed to be equal and in this work they are set to 0.5µm. Therefore the full length of each element is 1µm which is a reasonable length for computational studies of rough surfaces (33) .
To solve the integral equation for the discretised surfaces the integral equations should first be discretised.
Equation 6
z 8 is the influence matrix and is calculated by solving the double integral:
The solution for the influence matrix in discretised form is as follows:
in which a and b are the half-length of each small element and M is the total number of nodes.
Equation 2 describes the potential energy for a frictionless contact and the normal force is the only force applied on the surfaces. The potential equation for a frictional contact would be modified to the form below:
In which t is the full surface stress vector including the in-plane tractions and u is the full surface deformation.
Equation 10
Equation 11 and are the in-plane traction forces and , and are the Cartesian unit basis vectors.
, and are the surface deformations in x, y and z directions respectively.
By applying the same discretising procedure, the Boussinesq solution for the fully coupled deformation-traction relationship can be expressed as:
Equation 12
In the matrix form:
The elements of the influence matrix can be obtained from the complete solution of the Boussinesq problem. Then the problem would be minimizing the potential energy for the fully coupled contact. The solution procedure is the same as frictionless contact and can be carried out by direct quadratic mathematical solution (31, 34) .
For the case of two identical materials in contact, the equivalent shear modulus of Equation 5
becomes zero and the Equation 9 reduces to Equation 3.
Direct quadratic mathematical programming
Because the total complementary potential energy is a quadratic function of the contact pressure, it can be expressed as quadratic mathematical equations. Hence the energy can be written in quadratic form of Equation 14:
Here is the transpose matrix of and C and u are influence matrix and gap between surfaces respectively.
Equation 16
And for the complementary potential energy to have a minimum at the point , the solution is as:
Equation 17 And all the values in Equation 17 should satisfy the restriction criteria . The summation of all contact pressures must be equal to the applied load on the surfaces and the following equation should be satisfied:
The elastic deformation is then calculated corresponding to the pressure of contacting asperity using the equation below:
The deformation is then used to check the deformation criteria of the contact problem. It should be noted that Equation 18 will be valid for the whole contact. In order to find the true area of in which is the gap between asperities and u is the elastic deformation of contacting asperities. The above formulations are valid for every single asperities in contact.
Therefore they can be solved for a set of asperites and Figure 4 can be a representative of a single node in the contact mechanics formulation of the problem explained in Figure 3 
Elastic-perfectly plastic contact model
The contact mechanics model used in this work is an elastic-perfectly plastic model. To consider the plastic part in the simulation, a modelling approach which was reported by Sahlin et al. (35) was used in this work. It is assumed that the asperities can undergo pressures between 0 and hardness of the materials:
The contact pressure of the asperities that experience pressures higher than the hardness of the materials will be set to H (hardness of the material).
These asperities become plastically deformed. It is assumed that the points with pressures equal to the hardness of the material will be truncated out of the calculation for elastic deformation because they can freely float. The steps for elasto plastic contact simulation are explained as below:
-First step is to guess the initial pressure to satisfy Equation 18. -The plastic deformation is then calculated by subtracting the elastic deformation from the body interferences.
Movement of the contacting surfaces
The influence matrix of Equation 15 shows the influence of surface points on deformation of other points in presence of load. The term g which is a two dimensional matrix of gaps between single asperities of contacting surfaces, shows the potential of asperity-asperity contact by moving surfaces in normal direction of surface planes. In this case Equation 20 defines the possibility of contact to happen.
In most of the tribologically loaded contacts, surfaces have relative movements tangentially, so this must be taken into account. Conventionally, movement of surfaces are applied by shifting the matrices that contain the surface asperity height numbers. This is a very simple way to simulate the movement of surfaces. In this method controlling the shifting speed of both contacting surfaces is essential for applying the rolling-sliding condition on the tribosystem.
Equation 21
The influence matrix does not change in this method and the size is still which in the case of square contacting area becomes .
New surface movement strategy
It is important to know how the influence matrix works before explaining the new procedure for moving the surfaces. The elements of an influence matrix correspond to the influence of a node of surface on other nodes of the surface if the load is applied on that point.
Imagine a surface with nodes. If the load is applied to a point, it influences points on the surfaces including the point itself. Therefore, a matrix of can explain the influence matrix of the whole surface. Each element of this matrix is responsible for the influence of a point on another point ( Figure 5 ). If the load is applied on point p it will affect the deformation on point k. For the beginning of the contact one column of each surface comes into contact. In this case, the influence matrix needs to cover the contact of N points on one surface with N points on another surface. Therefore the influence matrix only needs to be the first matrix of the big influence matrix. It is shown in Figure 7 that how this matrix is selected.
The true influence matrix elements should satisfy Equation 8. As stated before, these elements are dependent on the distance of the points of the surface so the selection shown in Figure 7 is valid.
If the movement continues and more points of the surfaces come into contact, the influence matrix will get bigger and becomes , and at the end when surfaces are completely in contact. Then the contact pressures and surface deformations are stored for every step and can be averaged for one loading cycle. Plastic deformations are applied to the surface asperities and the geometries of the surfaces are changed for next steps. This process of two rough surfaces coming into contact is repeated to the end of the simulation. Therefore a rolling sliding motion can be easily modelled by this contact mechanics simulation. It should be noted that the contact mechanics model in this work is quasi-static.
Results and discussion
Results for influence matrix and contour of contact pressure for movement of surfaces are reported in this section.
Influence matrix
As explained before influence matrix is when the surfaces are . An example of influence matrix for a surface is shown in Figure 8 .
Figure 8 Influence matrix element values
If load is applied to a point of this surface, the deformation on all the other points is shown in Figure 9 .
Figure 9 The deformation of surface due to load applied in the centre
It is noticeable that if a load is applied to a certain point on the surface, the highest deformation happens at the same point and this deformation decreases as the distance from that point increases. It is in agreement with the definition of the influence matrix. Figure 8 shows the elements of influence matrix and it approves the fact that selection of matrix elements based on Figure 7 is valid. By selecting the first matrix of the large influence matrix, the influence of one point of the surface on the 20 points of the same column is selected. That is for the case that surfaces are only at the beginning of the contact.
It can be also noted that the influence matrix of Figure 8 is diagonal which means that the influence element of all points are the same on themselves and is reduced by the distance of the points from each other. It is also symmetric diagonally which means that the same distance between the points results in the same influence value.
Movement of the surfaces
As explained in section 2.5. , matrices of surfaces are selected in a way that movement can be simulated. An example of this movement is shown in Figure 10 . The contour of contact pressure which shows the asperity-asperity interaction is demonstrated in the figure. The evolution of contacting asperities in the sliding direction can be noticed from the figure. 
Application in non-linear contact problems
Non-linear contact problems have been the subject of many studies. Models focused on incorporating non-linear behavior in finite element methods, boundary element methods and combination of them two (36) (37) (38) (39) (40) (41) (42) (43) (44) (45) .
Any contact problem will be no longer a linear one due to yielding of the materials in contact.
The stress can be calculated at any loading increment as the following:
Where is the strain increment and is the elasto-plastic influence matrix. It is shown numerically that the stress fields and the contact deformations in an elastio-plastic non-linear problem can be calculated using the influence matrices used for elastic problems with a more complicated numerical algorithm (45) . Results show that calculation of non-linear problems need the influence matrix or the stiffness matrix for pressure/deformation calculations.
However, these numerical results are for the contact of material in a normal loading without any tangential movements. Therefore, the movement methodology shown in Section 2.5.1 is applicable for movement of surfaces in the case of non-linear contact problems. The only change in the numerical approach would be adapting the influence/stiffness matrices to account for the part of the surfaces that are in contact.
Conclusion
Boundary Element Method is an efficient approach for simulating the contact mechanics especially in the case of rough surfaces. Tribological contacts are dynamic and surfaces are in relative motion in contact. These dynamic conditions will result in modification to geometry and physics of the contacting bodies. Modelling such a problem needs a robust and efficient 
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